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4. 1 INTRODUCTION AND SUMMARY

This volume is one of a six-volume set describing the results of a

study of the accuracy to which spacecraft position and velocity on various

Apollo mission free flight trajectory phases can be determined from ob-

servations taken by ground based radars and onboard equipment subject to

randon] errors. The work has been perfor_ned under subcontract No. 10001

(Amendment No. 2) fromBellcomm, Inc., to TRW Space Technology

Laboratories.

Specifically, this report deals with the analysis and presentation of

spacecraft state vector uncertainties as a function of time during the lunar

parking orbit. It is essentially a self contained report in that all pertinent

background material, input data, and assumptions are set forth; however,

additional information on the scope of the total study may be found in

Volume 1 (STL Report No. 8408-6040-RC-000) together with exposition of

appropriate statistical theory, a typical Apollo mission plan, and a dis-

cussion of the computer programs used to obtain the results.

Comparative results, for various modes of tracking the vehicle in

the lunar parking orbit, are presented in the form of state vector uncer-

tainty as a function of the important trajectory and tracking network param-

eters. Uncertainties in the position and velocity are listed in the computer

printout section of this report as modified covariance matrices in three

coordinate systems: moon-centered inertial Cartesian, polar and orbit

plane. The uncertainty in the state vc'ctor at epoch is based upon observa-

tions taken during a specified tracking interval initiated at epoch, and this

uncertainty is then propagated to points in the subsequent orbital revolution.

The square root of the sum of the variances of the three position compo-

nents and the three velocity components is presented in graphical form as

a function of time. These summarized results permit a comparative evalua-

tion of the influence of the various study parameters on the orbit determina-

tion accuracy. Included among these parameters are the selenographic

orientation elements of the parking orbit {inclination and nodal location),

orbital altitude and eccentricity, lunar deciination, ground based tracking
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station grouping and geographic locations, tracking interval, and radar

characteristics. The selection of these parameters follows from certain

Apollo mission considerations, although the magnitudes of the variations

used in the study are relaxed in some cases. Thus, for example, the lunar

orbit geometry is restricted to retrograde orbits, low eccentricity, and a

nominal altitude of 80 nautical miles. Also, the vehicle is generally

eclipsed (i.e., behind the moon and not visible from earth) at the beginning

of the tracking interval, which is taken to correspond to the nominal park-

ing orbit injection. Results presented in terms of these parameters, how-

ever, cannot always be evaluated independently. That is to say, the effects

on tracking accuracy are generally correlated among several parameters.

In the case of ground based radar tracking, variations in the trajectory

parameters can be translated into differences in the grouping of the track-

ing stations, their effective tracking period and their geometrical orienta-

tion with respect to the orbital plane. These considerations are taken into

account in the interpretation of the results.

The tracking accuracy derived from radar tracking only is found to be

highly correlated with the number of tracking stations and the overall

geometry. The position and velocity uncertainties are subject to large

fluctuations which might tend to compromise the effectiveness of the ground

based system in the lunar orbit determination. On the other hand, the opti-

cal tracking leads to smaller uncertainties which are dependent only upon the

length of the tracking interval. When combined, the tracking data obtained

from the two systems during the first orbital revolution yields uncertain-

ties in position and velocity no greater than 1 nautical mile and 5.5 feet

per second.
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4. Z TRACKING SYSTEMS

4. Z. 1 Radar

All of the radar data for lunar parking orbit determination are

obtained from the NASA Deep Space Instrumentation Facility (DSIF). For

purposes of this study, it is assumed that the tracking net consists of four

tracking stations, as indicated in Table 4. Z-I. However, only three sta-

tions, at most, may be used simultaneously during any given tracking

operation. The stations at Goldstone and Canberra are always included

in the tracking net in combination with either Madrid or Johannesburg,

giving two groups of three stations each:

GroupII - GO, CA, MA

Group III- GO, CA, JO

The stations in each group are longitudinally located in such a way that the

moon is nearly always visible from one of the stations. However, due to

the difference in latitude between Madrid and Johannesburg, the coverage

obtained with either group is a function of time, or lunar declination.

Table 4. Z-I. DSIF, S-Band Radar Tracking Site Coordinates

Geodetic Latitude Longitude Ellipsoidal HeightCode Station
(degrees) (degrees) (feet)

GO Goldstone 35. 389628 -116.848Z5 3394. 16

CA Canberra -35. 300 149. 133 1875

MA Madrid 40.415 -3.717 Z150

JO Johannesburg -Z5. 88735 Z7.684780 4533.85

In calculating the lunar orbit determination accuracy using DSIF radar

tracking, it is assumed that each station utilizes the same tracking facilities,

with operating characteristics as given in Table 4. Z-If. This equipment has

the capability of taking simultaneous measurements of range, range rate,

azimuth, and elevation, where each type of data is contaminated with ran-

dom noise. There may be several independent noise sources for each data
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type; for example, the random error in the tracking angles may be due to

thermal noise in the receiver, which causes jitter in the angle servos.

However, in all cases, the errors are assumed to be random, with zero

iYleans and ...... ! .... .a t.__ ......... : .... and a .......... ml du,Lurr¢,,,ccu uc_wecn _Ld. LIUII_ Ua_t LylJ_. ,he assume

accuracies shown in Table 4.2-II are somewhat conservative in that

(1) the DSIF is capable of a higher data rate - up to one set of cbservations

per ten seconds, and (2) the range rate {doppler) error may actually be an

order of magnitude better than indicated. Flight results from Ranger and

Surveyor missions should establish DSIF accuracy more precisely in the

near future.

Table 4. Z-II. DSIF, S-Band Radar Characteristics

Maximum Range (n mi) > Z50,000

RMS Range Error (ft) 100

RMS Range Rate Error (ft/sec) 0. 5

RMS Azimuth Error (deg) 0.0Z

RMS Elevation Error (deg) 0.0Z

Samples per minute 0.5

Minimum Elevation Angle (deg) 5

Presumed value without station location error

included.

There are other possible error sources which could contaminate the

data in such a way that predictable corrections could be made. For ex-

ample, a correction might be applied to the tracking angles to compensate

for the standard refraction of the atmosphere. However, all such system-

atic error sources are neglected throughout this analysis. Other error

sources not accounted for include tracking station location uncertainties

and uncertainties in the geophysical and astrophysical constants such as

velocity of light and the gravitational parameters of the earth and moon.
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In this study, it was assumed that whenever two DSIF stations saw

the spacecraft simultaneously, that each station took range, range rate

and angular measurements. Since range and range rate measurements

involve two-way transmissions, or else very accurate synthronization

of the ground stations involved, the assumed simultaneous measurement

of range and range rate will not be possible unless current ground-based

DSIF equipment is modified or else multiple transponders are used on-

board the spacecraft. If neither of these conditions are satisfied, then

the results presented here are somewhat optimistic to the extent that

they include simultaneous observations.

4.2.2 Optical

After injection into the lunar parking orbit, the onboard inertial

platform is aligned by sighting on two stars. The polar angles of lunar

landmarks with respect to the platform axes are then measured with the

scanning telescope, and these data are processed by the spacecraft

digital computer to estimate the position and velocity of the vehicle.

This optical tracking system is simulated in this analysis by measuring

the direction cosines of the spacecraft-landmark line with respect to an

orthogonal, inertial coordinate system, centered at the vehicle, with

axes pointing in the directions of three hypothetical stars. Thus, at

each observation time, three inertial angles are measured, as depicted

in Figure 4.2-1. The landmark is taken to be the subpoint of the vehicle

on the lunar surface, and a data rate of one observation every ten minutes

is assumed with the first observation made at epoch.

A l_ uncertainty of 0.358 degree in each angle measurement

derives from the assumed lunar landmark uncertainty of one-half

nautical mile at an altitude of 80 nautical miles. This random, uncor-

related error in the observational data is much larger than the inherent

uncertainty of the optical tracking instrument (the sextant error is

assumed to be l0 arc seconds). Hence, the uncertainties in the position

and velocity components of the state vector, estimated from onboard

optical tracking data, will be completely dominated by the landmark error.
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4.3 TRAJECTORY PARAMETERS

4. 3. 1 Lunar Orbit Geometry

The initial state vector of the lunar orbit may be specified by the six

classical orbital elements {a, e, i, _2, _, M} at epoch T. This set of ele-

ments may be referenced to either of two moon-centered, Cartesian co-

ordinate systems: selenocentric {inertial system with the positive x'-axis

in the direction of the vernal equinox, y, and the x'-y' plane parallel to the

earth's equatorial plane}; and seleno_raphic {moon-fixed system with the

positive x-axis coincident with the mean earth-moon line, and the x-y

plane coincident with the moon's equatorial plane}. The geometrical re-

lationship between the two systems is defined in Figure 4.3-1. The inertial

orientation of the reference planes is nearly constant during the period of

time considered in the study where the dihedral angle, i_-', is approximately

ZZ degrees. However, due to the moon's rotation, the x-axis precesses

360 degrees with respect to the x'-axis in the period of one lunar month.

Consequently, a transformation of state vectors from one system to the

other is a function of the epoch date. The conical elements {a, e} and the

in-plane position angle {M} are invariant through an orthogonal transforma-

tion from one coordinate system to the other, but the orbital orientation

elements {i, f2, _} depend upon the reference system selected.

A subset of lunar orbits to be included in the tracking accuracy study

is generated by varying the eiements (i, _}. it is more convenient to refer-

ence these parameters to the selenographic system, since then the orienta-

tion of the orbital plane with respect to the earth and to selected points on

the lunar surface will be readily determined.

The inclination is varied from 90 to 170 degrees; that is, only retro-

grade parking orbits are considered. The longitude of the ascending node

is varied from 270 to 360 degrees. In this range of values, the line of nodes

of the orbits assumes angles of from 0 to 90 degrees with respect to the

mean earth-moon line. The argument of pericynthion is fixed at a constant

value of 180 degrees throughout all the tracking runs.
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4. 3.2 Altitude and Eccentricity

The distance of closest approach to the lunar surface (altitude at

pericynthion) is a function of the conical elements (a, e) and the radius of

the moon. Pericynthion altitude is varied in the range of 40 to 160 r._utical

miles for eccentricities of 0. 00i and 0.02. In the first case, the difference

in altitude at the near and far points in the orbit is approximately 2 nautical

miles, whereas in the second case the difference is approximately 40 nauti-

cal miles. A fundamental consideration in evaluating the results turns out

to be the orbital periods (ii5.5 to 141.5 minutes) corresponding to the set

of lunar orbits considered.

In all cases other than the altitude-eccentricity subset, tracking accur-

acy results are generated for an altitude of 80 nautical miles and eccentricity

of 0. 001, consistent with current Apol10 ground rules for the lunar parking

orbit.

4. 3. 3 Epoch Time

For a fixed selenographic orbit, the orientation with respect to the

earth's equator varies with time. Presumably this would have some effect

on the accuracy of the earth-based tracking; and, for this reason, epoch

time as a parameter is included in the study. Two dates ( 27 January and

i0 February 1968) separated by one-half a lunar month are selected. These

dates correspond to the times when the lunar declination has its minimum

and maximum values of minus and plus 28. 2 degrees.
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4.4 TRACKING PARAMETERS

4.4.1 DSIF Station Groups

The accuracy with which a lunar parking orbit can be determined

using earth-based radar tracking is dependent upon the locations of the sta:

tions included in the tracking net. The two station groups defined in Sec-

tion 4. Z. 1 differ in that GroupIIcontains two stations in the northern

hemisphere (Goldstone and Madrid), while GrouplII contains two stations

in the southern hemisphere (Canberra and Johannesburg). In general,

therefore, GroupII should prove to be more favorable during that half of

the month when the moon has a positive declination, and conversely for

GroupIII. This is reflected in Figures 4.4-1 and 4.4-Z, where the periods

in which the moon is visible from each station are indicated for each of the

two days considered in the study. Notice that the moon is visible to

GroupIII stations for longer periods of time on Z7 January (lunar declina-

tion, -Z8. Z degrees)while Group II stations have more visibility on 10 Feb-

ruary. It should be pointed out that the visibility graphs define only those

periods when radar tracking of an orbiting lunar vehicle is geometrically

possible for a given station. During a tracking operation for a selected

lunar orbit, there will generally be periods when the vehicle is eclipsed

by the moon and all tracking data will cease. Hence, the possible tracking

intervals will be somewhat less than the visibility periods indicated on the

graphs, depending upon the orientation of the lunar parking orbit.

Both of the station groups are used throughout the study, giving an

indication of the effect of geographic station location on the accuracy of the

orbit determination.

4.4.Z Tracking Interval

The initial state vector of a selected lunar orbit is specified at epoch,

which is taken to be 0 hours, 0 minutes, and 0.5 second of the given epoch

date (either Z7 January or 10 February}. It is assumed that the vehicle is

injected into the lunar parking orbit at this instant and at a point corre-

sponding to pericynthion of the parking orbit. Current Apollo mission

considerations require that the position and velocity of the vehicle be de-

termined with a given accuracy as soon as possible after injection, since

orbital operations are generally scheduled to begin after only one to two

-10-
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revolutions in the parking orbit. Consequently, the tracking interval is

initiated at injection {epoch), and the duration is treated as a study param-

eter. Of course, the longer the tracking interval, the larger the number

of observations used in predicting the state vector, and, hence, the smaller

the uncertainties in that vector. A comparison of the uncertainties result-

ing in tracking from injection to the end of the first revolution and from in-

jection to the end of the second revolution is useful in evaluating the capa-

bilities of the DSIF tracking net in satisfying Apollo requirements.

Therefore, these tracking intervals are included in the study, with the

uncertainties propagated from the end of the tracking interval through

the end of the third revolution in each case.

Tracking intervals which are initiated later in the day are also con-

sidered. Different orbit determination accuracies generally result in these

cases due to the fact that different stations are tracking the vehicle (owing

to the rotation of the earth). As a matter of fact, by a judicious selection

of the tracking interval and the station groupings, using Figures 4.4-1 and

4.4-Z, the tracking accuracy can be studied as a function of the station lo-

cation. This is carried out in order to determine the relative contribution

of different stations to the orbit determination, and, thus, the effect of a

station being inoperative due to a failure in the tracking equipment.

4.4. 3 Radar Data Specifications

The DSIF radar stations have the specified capability of taking

measurements at the rate of 0.5 per minute (i.e., one observation every

Z minutes). In order to determine the effect of changing the quantity of

data obtained during a given tracking interval, the data rate is treated as

a study parameter in the range from 0. Z5 to Z.0 samples per minute. Also

the effects of varying the combination of data types and the l¢ uncertainty

in the range measurement (from the nominal R (10- = 100 feet),AZ, EL, R)

receive a cursory investigation.
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4. 5 PRESENTATION AND DISCUSSION OF RESULTS

4.5. 1 Description of Covariance Matrices and Coordinate Systems

The accuracy with which a lunar orbit can be determined is reflected

in the covariance matrix of the state vector referenced to any of three

moon-centered coordinate systems (denoted Cartesian, polar and orbit

plane).

The Cartesian coordinate system is identical to the inertial seleno-

centric x'-y'-z' system, referred to in Section 4. 3. 1.

The polar system, in terms of right ascension, declination, flight path

angle, azimuth, radius vector and velocity, is illustrated in Figure 4. 5-1.

The orbit plane system is an instantaneously inertial system (not a

moving coordinate system) which is defined at each instant of time by the

position and velocity of the spacecraft at that instant. Specifically, at each

instant of time, the orthogonal components Of the system are

-_ r

U -

17{
--R, -.0

4- rxv
W --

I;x
V = \V X U

The unit vector u is directed up along the radius vector, v is down or in

plane, and w is in the crossrange direction. This system is illustrated

in Figure 4. 5-Z.

The covariance matrix, E(_'-"_)_ - _)T, of tracking uncertainties

- /in the state vector, X, is a 6 x 6 array containing the variances, E - Mi '

of the six position and velocity components along the main diagonal and the

covariances, E(X i - _i)(X j - _xj), as the nondiagonal elements. This uncer-

tainty matrix is computed in each coordinate system at epoch, and the

uncertainties are then propagated to the end of the tracking intervaI and

to intermediate points in the subsequent orbital revolution.
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INSTANTANEOUS
ORBIT PLANE

Figure 4.5-2. Orbit Plane UVW Coordinate System
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All the parameters discussed in Sections 4.3 and 4.4 are investigated

to determine their effect on the tracking accuracy. Trajectory printouts,

including modified forms of the covariance matrices, are presented in the

concluding section of the document. This listing represents many, but

not all, of the cases considered.

In this section, however,mostofthe results of the study are sum-

marized in the form of plots of the "root-semitrace" of the covariance

matrix of tracking uncertainties. Consider the partitioned 6 x 6 covariance

matrix of position and velocity {either Cartesian or orbit plane components)

where each indicated submatrix has dimensions 3 x 3. The quantity "root-

semitrace" is defined as the square root of half the trace of an even-order

square matrix and is designated symbolically by "RST." Therefore, in

terms of the position and velocity submatrices, 2]II and _ZZ respectively,

the corresponding RST's are given by,

= - /tr _2 1Position RST RST{R) = _ 1

1

Velocity RST = RST(V) =-_tr E2Z

The RST plots in the accompanying figures serve to indicate the bounds in

the position and velocity uncertainties as a function of the different trajec-

tory and tracking parameters.

4. 5. 2 Ground Based Radar Tracking

The accuracy to which a lunar orbit can be determined using ground

based radar tracking only is found to be strongly dependentuponthetracking

interval, the number of active tracking stations, and the lunar orbit geom-

etry. The results presented in Figures 4. 5-3 to 4. 5-8 assume tracking on

i0 February 1968 with epoch at zero hours. Therefore, in tracking up to

two revolutions, only Goldstone and Madrid, of the Group II stations, are

able to make observations, and each station is located in the northern hemi-

sphere (corresponding to the moon's positive declination on that date).
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If Group III is used, then only Goldstone has visibility. The results are

comparable to those for Z7 January 1968 with epoch at two hours. In that

case, only Canberra and Johannesourg are able £o make observations in

tracking up to two revolutions from epoch. Again, each station with visibil-

ity is located in the hemisphere corresponding to the moon's declination on

that date.

The position and velocity uncertainties resulting from two revolutions

of tracking using two radar stations (Group If) are presented in Figures 4..5-3

and 4. 5-4. The values of inclination (i = 90, 130, 150, 170 degrees) and

longitude of the ascending node (_ = 0, 315, Z70 degrees) are referenced to

the selenographic coordinate system as discussed in Section 4. 3. I. The

differences in the accuracies derive mainly from the fact that the visibility

of the vehicle from the tracking stations is changing as a function of the

orbital orientation. The effect of changing the tracking group, and thereby

reducing the number of observing radar stations to one, is presented in

Figures 4. 5-5 and 4. 5-6; and the effect of reducing the tracking interval

to one revolution is presented in Figures 4. 5-7 and 4. 5-8.

These graphical results are summarized in Table 4. 5-I. In the cases

where two tracking stations are used, the uncertainties are the largest for

the near-equatorial orbits and the smallest for the polar orbits. Also, the

intermediate value for the nodal position generally yields the largest uncer-

tainties for a given inclination.

Overall, the uncertainties are found to be the largest when only one

radar station is used in the tracking operation. Moreover, the results are

subject to much larger fluctuations and disparities due to lunar geometry.

Note, for example, that both the worst and best cases occur for a polar orbit

nodal locations of 0 and Z70 degrees, respectively. Discounting this

one anomaly however, the near-equatorial orbits as a class yield the poor-

est results.

Comparing the results for a tracking interval of two revolutions and

near-equatorial orbits, the uncertainties derived from single-station obser-

vations are greater than the two-station estimates by a factor of fromthree

to four. This difference cannot be accounted for merely on the basis of the

quantity of data obtained in the two cases. Rather, the advantage gained by

utilizing tracking data from two stations follows from a triangulation effect
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derived from simultaneous radar observations from slightly different angles.

Thus the two-station data tends to constrain the sensitivity of the results to

changes in the geometrical orientation of the tracking stations with respect

to the lunar orbit plane. Therefore, DSIF net visibility becomes quite sig-

nificant in the evaluation of the orbit determination capability of the radar

system. However, it should be pointed out that the mutual coverage of the

moon from any two stations ranges from approximately 20 to 48 percent,

depending upon the station grouping and the lunar declination (see Figures 4.4-1

and 4.4-2). Therefore the results, assuming double station tracking, are

probably better than can be expected over 50 percent of the time.

If the tracking interval is reduced to one revolution and data is obtain-

ed from only one station, then the results will be degraded even further. In

this case the information obtained is generally insufficient to determine a

reasonably accurate estimate of the lunar orbit. The loss of the advantan-

tageous triangulation feature is compounded by the fact that only a portion

of one orbit can be observed. During this tracking period, significant

changes in the observations of the orbiting vehicle are small so that the

tracking data tends to contain less independent information.

One important consideration that should be given to the foregoing

results is the eclipse period, that is the time the vehicle spends behind the

moon and inaccessible to the earth-based radar tracking stations. The

actual period when the vehicle is visible and observations canbe made is

just the interval between eclipses; these tracking periods (to the nearest

two minutes) are given in Table 4. 5-II, for two revolutions of tracking.

Lunar Geometry
i(de_) t_ (dog)

90 0
90 315
90 270

i30 0
i30 3i5
i30 270

i70 0
i70 3i5
i70 270

Table 4. 5-II. Tracking Periods

Tracking Periods (minutes)
I Ii

i44-220
i40-222

i46-220
i34-210
ii4-t96

i48-222
i32-206

i18-192

III

236-244

240-244

Totals
i Rev 2 Rev

74 150
80 162

t 22 244

74 i48
76 i52
82 i 64

76 i50
74 148
74 i48

22-96
i8-98

O- 244

24-98
12-88

0-74

24-100
i 0-84

0-70

Continuous Tracking
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This tabulation tends to bear out several points concerning the graphical

results.

a) The eclipse period durations cover a wider range for the
polar orbits, and hence the dependency upon the nodal loca-
tion is most pronounced in this case.

b) Conversely, the nodal effect is least pronounced for the

near- equatorial case.

c) The most favorable geometry for single station tracking is
the 90 degree inclined orbit plane, normal to the earth-moon
line ( f_ = 270 degrees). This is due to the fact that sufficient
information can be obtained during the uninterrupted tracking
interval of two revolutions to make a reasonably accurate
orbit dot e rmination.

As additional information regarding the orbit determination accuracy

the 1-sigma uncertainty in the orbital period is presented in Table 4. 5-III.

The magnitudes of the period sigmas indicate the relative size of the in-

plane position and velocity uncertainties. However, in Case B for example,

the out-of-plane uncertainties are sufficiently large so as to demand pri-

mary consideration in evaluating the relative tracking accuracy.

Table 4. 5-III. Period Sigmas

Lunar Geometry

i(deg) _. (deg).

90 0
90 315

90 270

130 0

130 315

130 270

170 0
170 315

170 270

_rp {seconds)
A B C

0049 . 0887 .3304
0064 .0387 .4487

0266 .0378 .0905

0055 .0234 .3586

0054 .Ol 02 . 3941

0046 .0068 .0145

0046 .0056 .3580

0044 .0075 .3596

0035 . 0137 . 0112

Tracking Key
A - 2 revs, 2 stations

B - 2 revs, I station

C - I rev, 2 stations

The effect of altitude and eccentricity on the tracking accuracy is

presented in Figure 4. 5-9. Here the mean position and velocity uncer-

tainties through the third orbital revolution are presented as a function

of pericynthion altitude for two different values of eccentricity. The

results are somewhat improved by increasing the altitude and/or

-27-
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eccentricty, owing mainly to the fact that the orbital period, and hence the

total visibility time, is thereby increased. However, it does not appear

that these conical elements offer important considerations with regard to

improving the tracking accuracy. This is due primarily to the fact that these

elen-_ents are _a_ constrained by other mission considerations, and

the tracking accuracy is much more dependent upon the factors considered

previously.

The graphs in Figure 4. 5-10 demonstrate the effect of changing the

station grouping. Notice that the position and velocity uncertainties derived

!rom the single station are greater than those derived from two stations by

.pproximately a factor of four in this particular case. Notice also that in

the two cases where only one station is used, the uncertainties are larger

for the station in the southern hemisphere, that is,opposite to the lunar decli-

nation. (Case 4 represents the results that would be obtained for an epoch of

16 hours on 10 February 1968 , using the DSIF Group III).

The graphical results presented in Figures 4. 5-3 through 4. 5-8 all

show a periodicity in the uncertainties. In most cases there are no

noticeable secular increases in the uncertainties over the period of time

considered in the study. This is due primarily to the fact that the results

are dominated by the crossrange components measured in the orbit plane

coordinate system. Figure 4. 5-11 demonstrates this effect for a particu-

lar orbit. However, in the cases where the tracking interval is only one

revolution, the relationship among the orbit plane components is somewhat

different. Figures 4. 5-12 and 4. 5-13 show the results for two different

inclinations and a given nodal location. For i = 90 degrees, the downrange

position and radial velocity uncertainties dominate, and the result is a sec-

lar increase in KST(R) and KST(V). For i= 170 degrees, the crossrange

uncertainties dominate, and the secular increase is small.

Certain functional relationships among the orbit plane sigmas are

readily apparent from the preceding graphs. For example, the crossrange

position and velocity components are related geometrically such that a max-

imum uncertainty in one is accompanied by a minimum uncertainty in the

other. Furthermore the downrange position and radial velocity uncertainties

and the downrange velocity and radial position uncertainties tend to increase

together. These latter relationships in the orbit plane follow from two-body

dynamical considerations (conservatism of energy and angular momentum).

-29-
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The uncertainties measured in the orbit plane {radial and downrange}

oscillate with a period of one orbital revolution, while, the crossrange un-

certainties oscillate with a period of one-half revolution. Alsos the position

uncertainties tend to minimize at the midpoint of the radar observation

period, thus accounting for the shift in the periodic curves for different nodal

locations.

Figure 4.5-14 demonstrates the effect of changing the data rate. It

can be seen that for two cases with data rates differing by a certain factor,

the resulting uncertainties differ by approximately the square root of that

factor.

RST'(R, V) _ J ._, RST(R, V)

This relationship holds true in the range of values considered (0.25 < b,

_)_ < 2.0 samples per minute), although certain departures were noted out-

side this range.

Finally, Figure 4. 5-15 demonstrates the effect of changing the data

types. Clearly, the range measurement with a one sigma random uncer-

tainty of 100 feet {which is used throughout the study) dominates the results.

As a matter of factj removing the angle and doppler measurements does not

appreciably degrade the results derived from range measurements (let = 100ft)

alone. Notice also_ that either removing the range measurement entirely or

increasing the range sigma to 1000 feet has the same effect _ an increase

in RST(R) and RST(V) by approximately a factor of four.

4. 5. 3 Onboard Optical Tracking

The accuracy to which a lunar parking orbit can be determined using

only onboard optical tracking is reflected in Figure 4. 5-16. In contrast to

he radar tracking problem, the results for optical tracking are independent

of the lunar orbit geometry and the epoch date. Consequently the tracking

interval is the only important parameter that needs to be considered in

evaluating the capability of the optical tracker. For only one revolution of

tracking, the position and velocity uncertainties are less than 10t 000 feet

and 9. 0 feet per second, respectively. In addition_ the one sigma uncer-

tainties are less than 3000 feet and 2.5 feet per second, respectively, with a

one sigma period uncertainty of O. Z135 second.
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The uncertainties in the orbit plane coordinates are shown in

Figure 4.5-17 for a tracking interval of one revolution. Notice that the

inplane uncertainties dominate and have the same functional relationships

as discussed previously.

The optical tracking results presented here assume a lunar orbit

with a pericynthion altitude of 80 nautical miles and an eccentricity of

0. 001. In this case, the specified lunar landmark uncertainty of one-half

nautical mile translates into an angular observation uncertainty of 0. 358

degree at all points on the orbit. Implicit in the optical specifications how-

ever, is the assumption that landmarks on the nonvisible face of the moon

are known with the same accuracy as those on the visible face. Further-

more, in actual practice it might be impossible to sight on landmarks that

lie on the dark side of the moon. In the simulation of the optical system,

continuous tracking at the specified data rate was assumed, thereby elim-

inating periodic interruptions in the reception of optical data. Both of these

assumptions tend to make the optical results somewhat optimistic.

If the data from the radar and optical tracking systems are combined

then the position and velocity uncertainties will be less than in the case

when either one system or the other is used separately. Figures 4. 5-18

to 4.5-20 present the results for one revolution of tracking with optical

data combined with radar data from one earth-based station. In all cases

the uncertainties are less than 6000 feet and 5.5 feet per second.

The one sigma uncertainty in the orbital period is presented in

Table 4. 5-IV for the combined radar and optical tracking. It can be seen

that the major effect of the addition of data from the single radar station is

to reduce the period uncertainty. As a result, the inplane uncertainties

(downrange position and radial velocity) are reduced. Since these uncer-

tainties dominate the optical tracking results, the total position and velocity

uncertainties are significantly decreased (see Figure 4.5-21).
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Table 4.5-IV. Period Sigmas

Radar and optical tracking, 0 - 122. 6 minutes

(1 revolution), I radar station

i(deg) _ '= -

0

315

270

0

315

270

0

315

270

9O

90

90

130

130

130

170

170

170

Wp (sec)

•3125

• 4774

•I190

•37 33

•4524
•0265

•3841

•3688

• 0156

The cases noted above are conservative in the sense that improved

accuracy can always be obtained by increasing the tracking interval and/or

the number of observing stations. For example, if the situation is such

that two radar stations have visibility and the combined tracking continues

for two revolutions, the position and velocity uncertainties are less than

900 feet and 0. 75 foot per second, respectively, with a period sigma of

approximately .004 second•
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4.6 CONCLUSIONS

The foregoing analysis of the lunar parking orbit demonstrates the

orbit determination capability of the ground-based radar, optical and combin-

e d tracking systems, subject to certain Apollo mission requirements. Data

pertinent to the evaluation of this capability was generated through the imposi-

tion of selected limits on the study parameters and the adoption of certain

basic assumptions regarding the system operations. Within the scope of this

analysis, then, the effectiveness of the different systems can be compared,

and certain generalizations can formulated.

The position and velocity uncertainties derived from radar tracking

only may be characterized generally, by the following features;

I) considerable sensitivity to the number of observing stations,

the lunar orbit geometry and the tracking interval;

2) rather large periodic fluctuations harmonically related to the

orbit period with position uncertainties minimum at the midpoint

of the radar observation period;

3) small secular increases in the propagated uncertainties;

4) domination by crossrange uncertainties Imeasured in orbit

plane coordinate s);

5) small uncertainties in the orbital period - _r < 0.09 seconds
P

for two revolutions of tracking and 0- ( 0.45 seconds for one
P

revolution;

6) well determined in-plane coordinates - gD < 2900 feet, _r_j < 2. 5

feet per second for two revolutions of tracking and _D < 6100 feet,

5.2 feet per second for one revolution;_r_j <

7) comparatively greatest uncertainties with least dependency upon

nodal location for the near-equatorial cases.

The orbit determination capability of this system depends to a large

extent upon the factors noted above in I). To be sure, the results derived

from simultaneous data from two tracking stations are superior. But even

in this case t rather significant disparities occur for changes in the lunar

orbit geometry and tracking interval. If data from one of the stations is

terminated because of visibility loss Idue to the rotation of the earth) or be-

cause of equipment failure {earth based radar facilities, on-board transponder,

computer, etc), the primary effect will be large increases in the crossrange

uncertainties. In practice this situation would be more typical of the ground-

based radar network since mutual visibility occurs less than 50 percent of the
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time. Moreover, the results are contingent upon the realization of the assumed
radar characteristics. ]Because of the dominance of the range measurement

with its small sigma (erR = 100 feet) the results might be optimistic. However,

compensating improvements in the data rate and the doppler random error

certainly seem possible.

The position and velocity uncertainties derived from optical trackin_

only demonstrate markedly different features:

1) sensitivity only to the tracking interval;

Z) larger period uncertainties;

3) domination by the in-plane uncertainties;

4) significant secular increases in the propagated uncertainties;

5) well dete .trained crossrange coordinates - _rC< 1200 feet

erC < I. I feet per second for one revolution of tracking, and

erC < 900 feet, er_ < 0.75 feet per second for two revolutions.

It follows from l) that an evaluation of the optical tracking capability

can be more definitive than for the radar system. In most respects, the

optical system is superior to the radar system in that the total uncertainties

are fairly well tempered in all cases and not influenced by factors which are

more directly related to other mission requirements (such as lunar orbit

geoeme try, lunar arrival date, and epoch).

The advantages gained by combining the two tracking modes derive

mainly from the fact that the best features of each individual system tend to

complement each other. Since radar data yield good in-plane estimates while

the optical data contains the better out-of-plane information, the tracking

accuracy in the combined case is consistently good with regard to total uncer-

tainty. Thus, the knowledge of theparking orbit based upon the optical obser-

vational data is enhanced by the addition of the electronic data from the earth

based station and the consequent improvement in the estimates of the orbital

period and conical elements. In this way, the in-plane position and velocity

uncertainties, which predominate for optical tracking only, are reduced. On

the other hand, the radar data can be significantly improved by the addition of

optical data, which tends to improve the knowledge of the orbit plane orientation

(reflected in crossrange uncertainty). Consequently, the total uncertainties

derived from combined data sources will be less subject to the large differences

due to changes in the lunar geometry and tracking station visibility.
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The foregoing arguments, emphasizing as they do the limitations of

each tracking mode, tend to place the radar system in a subordinate role in

the total tracking operation. However, it should be remembered that the

optical observation system simulated in this study is an optimum which can-

not be o_pe_t_d in actual practice. Therefore, in practice, the radar _.a_k...g

system will play a correspondingly greater role in providing orbit determina-

tion accuracies. From all standpoints, the greatest accuracy can be achieved

by the reception and processing of data from the radar and optical modes

simultaneously, with the primary considerations evolving around the tracking

interval and the tracking system characterisitics.
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COVAR/ANCE MATRIX LISTING

This section of the volume contains many, but

not all, of the trajectories which were used for

the presentation and discussion of the lunar

parking orbit results. Included with the tra-

jectories is a symbol key and definitions of

the printed trajectory quantities.
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Description of Covariance Matrices

The three 6 x 6 matrices !ab!ed "Cartesian, " "Dnl_,. " _,_,_ "n_bit

Plane Covariance Matrix" are actually modified matrices of tracking un-

certainties which have been updated to the time indicated in line 1. The

modification consists of presenting the square roots of the main diagonal

elements; i.e., standard deviations, _i' along the main diagonal, and

presenting correlation coefficients, Pij' instead of covariances, below

the diagonal. Elements above the main diagonal are the usual covariances

_.. between the corresponding coordinates. The formats are shown in
13

detail in the accompanying figure.
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CARTESIAN

(Units are feet, feet per second)

O- O- O- O- . o-

x xy xz xx x9

Pxy o- o- o- o-y yz y_ YY

O- O- O-
Pxz Pyz z z_ z_

Px_ Py_ Pz_ o-" o-'"x xy

Px_ Py_ Pz_ P_ o-"Y

Px_ Py_ Pz_ P_ P#_

POLAR

(Units are degrees, feet, v==+ pe _.second)

o-A O-AD _AB _AA Z °'AR

PAD CrD O-DB °-DAZ °'DR

PAB PDB o-B O-BAZ O-BR

PAAZ PDAZ PBAZ o-AZ O-AZR

PAR PDR PBR PAZR o-R

PAV P DV P BV- PA ZV P RV

o-U

PUD

PUC

Pu0

Pub

Put

ORBIT PLANE COVARIANCE MATRIX

(Units are feet, feet per second)

O-UD O-UC °-uO o-UI')

O-D O-DC O-DIJ °-Dl_)

PDC o-C O-CU O-CID

PDIJ PCIJ o-_j o-_jf)

PDD PCb PbD o-b

PDC PCC POt PDt

O-

O-

y_

O- .
ZZ

0- • •

xz

0" ° °

yz

0-.
Z

o-AV

O-
DV

O-BV

°'AZ v

o'RV

o"V

o-u 

O-DC

_cc

o-b 

o-b6

%
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